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Theory of lubrication due to collective pinning
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In collective pinning theory, the problem of two three-dimensional solids in contact is at its critical dimen-
sion. This implies that when the disordered forces acting between the two solids at the interface are relatively
strong, the force of static friction should be large, but at smaller values of these forces, the system switches
over to a regime of weak static friction. It is argued that this provides a mechanism for the reduction of friction
in boundary lubrication. Lubricant molecules reduce static friction by smoothing the roughness of the surface,
thus allowing the force pushing the surfaces together to be supported by more points of contact, which can
switch the interface from the strong- to weak-static-friction regime.
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I. INTRODUCTION contact at relatively small regions located on top of asperities

Experimental work done using the surface force apparatu#/hich are in contact. It has been argued that this lack of
[1] shows that when liquid lubricants are squeezed benNeeﬂat”GSS of the surfaces on the micron scale will likely result
two surfaces, at pressures comparable to those that occur it Static friction, even in the absence of mobile molecules,
the interface between two asperities in contact, the liquid§ut the friction coefficient will likely be very sma[l].
exhibit a shear response characteristic of solids. Such a result The surfaces in contact at these asperities, however, are
has also been found in molecular dynamics simulati@)s  not periodic, but are disordered. Mugdi has shown in his
It is difficult to understand why such a film should shearsimulations that when the periodicity of two incommensurate
significantly more easily than the bare solid surfaces thasurfaces that were initially periodic is destroyed the interface
they are designed to lubricate. In this paper a possiblean switch from one not exhibiting static friction to one
mechanism is proposed for how such films can reduce fricwhich does. Collective pinning theof§2-14 applied to the
tion between two solid surfaces. geometry of the present problem predicts that as the forces

In order to provide some background for this problem, letbetween the two disordered surfaces increase, the interface
us first consider periodic surfaces in contact. Muser and Robwill switch from a regime of small to one of large static
bins[3], Muser[4], and Lancori5] have shown using simu- friction.
lations that two perfect elastic crystalline solids in contact When surfaces are pushed together with large forces, the
will exhibit no static friction if they do not interact chemi- forces between the surfaces are likely to be dominated by the
cally, even when the solids are pressed together with forcelgard-core repulsions of the surface atoms. This results in an
which are comparable to the forces at asperities in contadncrease of the components of the forces between atoms par-
when rough surfaces are pressed together. This remains tradel to the interface on opposite surfaces as the force push-
until the force pressing the solids together exceeds a criticahg the surfaces together is increased. Consider a pair of
value. At that point, the interface undergoes a transitiormicron-scale asperitie@one from each surfagewvhich are
known as the Aubry transitiof6] to a state in which the being pushed together normal to the surface with a normal
static friction becomes nonzero. In the Appendix, it is shownforce or loadF. If the area of contact of the interface be-
that whereas for two incommensurate periodic solids in contween these asperities A and a fractionc of the atoms at
tact distortions that occur as a result of the interactions of théhis interface are in contact, the load per atom in contact is of
solids across the interface between them are limited to a vertpe order ofF(a?/cA), wherea is the mean interatomic spac-
thin region, for a disordered interface, the distortions areng. Since the contacting atoms rarely lie one exactly above
typically spread over long distances from the interface. Thusthe second, there will be a component of force along the
whereas simulations on very thin solids used in RE8s4]  surface as well of the same order of magnitude, but in an
are justified for incommensurate periodic solid interfacesarbitrary direction. Strong pinning, in the present context,
they are not justified for disordered surfaces in contact. Sewneans that all of these contacting atoms are displaceed by a
eral of these authors have found that when there are mobilsufficient amount to minimize the potential due to the atoms
molecules present at such an interface between periodic suirom the asperity from the second surface, at the expense of
faces, there will always be static frictidid,8]. We have also the elastic forces holding the atoms in place. Then, if we
studied both static and kinetic friction in the slow-sliding- attempt to shear these two asperities relative to each other,
speed limit based on this model in several previous publicathere will be a net force which opposes this shear motion,
tions[9,10]. The treatment in Ref.10] is based on the idea which is of the order of the above load per contacting atom
that kinetic friction in the slow-sliding-speed limit results multiplied by the number of atoms in contact, which gi¥es
from multistability of the interfac€11]. Most real interfaces, In contrast, in the weak-pinning limit, the elastic forces are
however, are not perfectly flat, and hence they are only irsufficiently strong to prevent these atoms from minimizing
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the potential resulting from the second asperity. Hence, when 1l. COLLECTIVE PINNING THEORY FOR SOLIDS
we try to shear the interface, there will be a force opposing IN CONTACT AT A DISORDERED INTERFACE

i i 2 1/2 i 2

the shear which is Of, the ordéi(a’/cA) (smcgcA/a IS For completeness the transition from strong to weak pin-
the number of atoms in contadtecause the frictional forces ping for two three-dimensional elastic solids in contact at a
which result from the hard-core repulsions of the atoms inyisordered interface using scaling arguments, which was first
contact do not add together coherently because they point ifasented in Ref9], will be discussed. We expect that quali-
random directions. The net force of friction is a fluctuation N tatively correct results for this problem can be obtained by
the resultant force, and fluctuations are proportional to theydying the simpler problem of a three-dimensional elastic
square root of the number of atoms in contact, which projiqg in contact with a rigid disordered substrate. This prob-
duce the force. Hence, it is given by the load per atom, givelfler was also studied in RefL8] in the context of a macro-

above, multiplied by the square root of the number of atomscqpic solid in contact with a substrate at randomly distrib-

- 2 o : .
in contact,cA/a”, _ . uted asperities using perturbation theory. In the present work,
If A, instead of representing the contact area of a microng,q will apply this model to a pair of asperities from two

S'Z? atsipef?t%/, represented thef atfég of hqofr:tzc_t between M9 taces in contact. Here the disorder occurs over the area of
perfectly flat macroscopic surfactor whic IS Macro- .ontact of the two asperities. In collective pinning theory
scopig, the force of static friction W_ould be n_e_gllg|ble. Since .212—14{ there is competition between a disordered potential
the area of contact of two contacting asperities, however, 'and an 'elastic medium which interacts with this potential. In
not infinite, the static friction will never become zero but it he st inning limit. the elasti lid i blpt di t. ¢
can still become very small, if the interface can be switchedn€ S fong-pinning imit, the €efastic Solid 1S ablé 1o distor
enough to essentially minimize its interaction with the disor-

from the strong- to weak-pinning limit. Likely types of . R . ;
roughness on a surface of an asperity in contact with a Se(gl_ered potential. In the weak-pinning limit, the solid has little

ond asperity are regions at the surface where surface ato tortion over a volgme, know_n as a La_rkln domalln! whpse
are missing and step edges which are pressed into cont ear size, the _Larkln !ength, IS detgrmmed by minimizing
[15,16. It is proposed in this article that the local forces at antne SlIJm .Of (tjhe interaction with thgdd|zorr<1jered pote:ntga}l and
interface between two asperities in contact could be reduceﬁti1e elastic distortion energy, provided the system's dimen-

by filling in these holes in the surfaces with small molecules>°" 'S_bEIOW the crlt_lca_l d|men_3|on _for the pro_blem. _The
three-dimensional solid interacting with a two-dimensional

and that this is a possible mechanism for lubrication. By, dered sub h X ; itical di
filling in these holes we spread the force pushing the asper disoraered su strate, IOWEver, IS at |ts_ cnuca 'me”m”
Following a generalization of the discussion in R,

ties together over a larger area of contact, thus reducing the . : o . .
force per unit area. This can switch the interface from th et us consider a homogeneous elastic solid interacting with a

strong-pinning regime, in which the static friction is large, to two-dimensional _r'g'd disordered sub_strate, located=20.
the weak-pinning regime, in which the static friction is small The energy of this system can be written[8]
[12-14. In the present article, this mechanism will be dis- au, \? au, \?
cussed in detail and another mechanism for lubrication wiIIE:f d%{KE ((97) + K’(E K) =V(r + U(f))5(2)],
be proposed in which relatively large molecules of a mono- ap 2R « e
layer of lubricant can be compressed, if they lie on relatively (1)
high regions on a surface, and thus spread the force pushi%erea and 8 run over the components y, andz, u,(r)
the solids together over a larger area of contact. Although th : ' .
idea that increasing the amount of area of contact can reduc e_notes_thexth component .Of the d|spla,cement field at_the
the friction seems at first sight to contradict the picture pro-pOInt fin the elast|c, med'L.m."K and K’ are the elastic
vided by Greenwood and Williamsofl7] for explaining moduli (i.e., the La”_‘e coeff|c_|ent519]), andV(r) denotes .
Amonton’s law, in which it is assumed that the friction actu- the substrate potential per unit area. We IOOk, for an approxi-
ally increases with increasing area of contact, this is in facfna_te solution of the formu,=u,(x/L,y/L,z/L"), whereu .
not the case. In the present treatment, the friction does in fad@1€s by an amount of the order of the range of a potential
increase with increasing area of contact. When the area _eII of the substratt_a potential v_vhen and y vary over a
contact gets large enough to switch the interface to the wea listance Oﬂ'_ or z varies over a distance (.)f ordef. These
pinning limit, however, the friction switches from being pro- &€ the Le}rkln Iengths a'°“9 and pgrpendlcular to the surface.
portional to the area of contact to being proportional to itsVe SUbSt_'tUte this expression fo in E_q. (D) ‘T"”d approxi-
mate the integral of the first two terms in the integrand of Eq.

square root. ) ) .
It is not being claimed that the mechanism for boundary') Over @ single Larkin domain by the product of the aver-
er a Larkin domain of first two terms in the integrand

lubrication proposed here explains how all lubricants reduc&9€ 9V \ >
friction. All that is being proposed are a couple of mecha-°f Ed- (1) and the volume of a Larkin domaib;L’, and then

; . 5 ;
nisms for reduction of friction by model lubricant molecules multiply by the number of domains\/L®, whereA is the

that are strongly attached to two surfaces which are in con:i‘;iena of the interface. Minimizing with respectlt6, we ob-

tact.
Section Il will review collective pinning theory, for two , r’\2
three-dimensional elastic solids in contact. In Sec. lll, a L'=L T/ 2

mechanism for friction due to small molecules is discussed.
Section IV discusses a mechanism for lubrication due tovhere T'=X 5 K{(u,/ dxp)?)+K'Z ooy ((aU,/ X,)?), and
large molecules. I'" =K{(qu,/ dz")?)+K'= {(ou,l 9z')?), where (x',y',z')
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=(x/L,y/L,z/L"), and(---) signifies an average over a Lar- tional method that | used above gives an infinite Larkin
kin domain. Since the derivatives aofare all of the order of length in the weak-pinning limit, whereas the perturbation
atomic distances,’ =~ L. Assuming thatv(r) is completely theory method of Ref18] gives a finite Larkin length, since
random andu(r) varies by a negligible amount asruns  the Larkin length found in Ref{.18] is extremely largdi.e.,
over a domain of volumé?L’, the integral ofV(r) over this ~an exponential function of a fairly large numben the
domain is of the fornVOC]-/ZL/a’ Wherevo is the root-mean- Weak-pinning limit, the two methods can be considered to
square(rms) value of the potential of interaction between a give qualitatively the same result.
surface atom and the substrate ani the fraction of the
sur_fa_lce atoms which are in contact with the_ sgbstrate. In Il LUBRICATION BY SMALL OR NARROW CHAIN
arriving at _thls result we assumed that the vanatl_om(n‘), LUBRICANT MOLECULES
whenr varies over a distance small compared_tas neg-
ligibly small compared to the length scales on the substrate. Asperities on the surface of a solid can occur on many
Since the substrate is random, the integral ow@n is pro- length scales, and in fact, for self-affine surfaces, the asperi-
portional to the square root of the number of surface atoms ities look the same when viewed on all scales, until we get
contact with the substrate, which is of the ordercf/a)? down to atomic length scald46]. At this scale, the rough-
wherea is a mean atomic spacing or potential well size. Letness must reflect the atomic arrangement of the solid. At the
the force per unit apparent area pushing the surfaces togetharea of contact of two asperities, there is likely to be atomic-
be denoted by. Since the number of surface atoms in con-scale roughness, consisting of regions along the surface at
tact with atoms from the second surface is of the order ofvhich a small section of the top layer of atoms is missing.
cA/a?, the mean force between two atoms in contact fromThis type of roughness is illustrated by a sketch shown in
each of the two surfaces is given WA divided by this Fig. 1(a). There is also likely to be atomic-level roughness
quantity orPa?/c. Hence, sinc&/(r) varies on a length scale due to steps on asperities which are distorted as they are
a, Vo= Pa3/c. Then substituting Eq2) in Eq. (1), we obtain ~ pressed into contact. This is illustrated in Figéh)land Xc).
Figure 1b) is a sketch of two asperities before they are
E=[2(I'T")Y2- Pa?/c?|AIL (3)  placed in contact. The step structure illustrated in this figure
] ) o o ) corresponds to what is likely to occur if a crystal plane of
for th?/z enerzgy'l,;’vh":h is minimized for infinitd. if o0k of the two surfaces in contact is parallel to the surface.
2(T'T")7*>Pac/c” and forL=0 (which in practice means Thg step structure shown is what one must have in order for
thatL is as small as the smallest length scale in the problengere to be hills and valleyé.e., asperitieson the surfaces.
rather than zenoif 2(I'T")*?< Pa?/c'/2 Thus, itis clear that  Figure 1b) illustrates what is found in scanning tunneling
asc decreases, the interface can switch from weak pinningnicroscope(STM) studies of surfacefl5]. As is illustrated
(if it was already in the weak-pinning regimt® strong pin-  in Fig. 1(c), if the asperity sides are in contact, the interface
ning. In the latter regime, by the arguments given in the lastyhich must be sheared in order to initiate sliding between
paragraph, the surfaces will be pinned together; i.e., therghe asperities also has high regions at which the asperity
will be static friction. Because the interface area between tW(éurfaces are in contact Separated by ho|es' whose depths are
asperities in contact is only of micron size, there will be acomparable to atomic spacings. Figurés)lwas obtained
transition from low to high, rather than from zero to nonzerofom Fig. 1(b) by distorting the two asperities uniformly as
StatiC friCtion(aS W0u|d occur fOI’ an |nf|n|te intel’fa):dn the they are placed in contact. Th|s is qua"tatively What one
next two sections ways will be proposed to increase the efexpects to occur if we assume that the asperity distortions are
fective value ofc (i.e., increase the number of points of gescribed by continuum elastic thedyd)]. If the surface is
contact of the surfacedy using proposed model lubricant not parallel to a crystal axis, there will also be steps on the
molecules and, by doing so, reducing the friction. peak of an asperity similar to the steps on the side of an
This problem can also be considered using perturbatiorasperity that are illustrated in Figs(b) and Xc). The mean
theory in the weak-pinning limif18]. To do this, following  ypward slope of the asperity-asperity interface shown in Fig.
Ref.[18], one calculatesi(r) which results from the random  1(c) will not contribute to static friction because in practice it
forces found fromV(r) and from it calculates(|u(R) s highly unlikely that pairs of asperities in contact will be
-u(0)|?) using the standard expression for the elasticitylined up so perfectly that they will be forced to slide directly
Green’s function19]. Here, (- --) signifies an average over over each other. Even if they did, it was shown by Caroli and
the random substrate forceR.is considered to be equal to Noziere[11] that a random distribution of the relatively short
the Larkin length when this quantity is comparable to theand fat asperities that occur on most surfaces will not exhibit
square of the range of a substrate potential well, as this regstatic friction (if this atomic-level step structure is not con-
resents the distance over which the surface of the solid casidered. Rather, the important factor which determines
be considered as rigid from the point of view of the randomwhether or not there will be static friction is whether or not
substrate potential. Following arguments similar to those irthis interface is pinned by the roughness due to the steps. For
Ref. [18], we find a Larkin length that is an exponential the type of roughness illustrated in Figc}, the contact area
function of the ratio of Young’s modulus divided by,  will be a small fraction of the total asperity-asperity inter-
which can easily be quite large compared to any reasonablace, making it likely that this interface will be in the strong-
size solid interface when this ratio is reasonably large, as it ipinning limit. (What | am saying is that in the absence of
in the weak-pinning regime. Thus, even though the variasuch atomic-level roughness, the upward slopes of the asper-
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| as discussed in the Introduction. Let us now imagine adding
atoms of the same material to each of the outer layers until
they each form a complete monolayer. Our model is then
identical to the model studied in Ref8-5]. In this model it
was reported in these references that even for loads per unit
area as high as a GPa, there was no static friction between
the surfaces. As the concentration of surface atoms is re-
duced from a complete monolayer on each surface by remov-
ing atoms, there will certainly be a concentration at which
the interface switches over from the weak-pinning limit, in
which the elastic energy dominates over the substrate poten-
tial (which in our case represents the second sujfdoehe
strong-pinning regime, in which the opposite is true.

Let us now place molecules of a lubricant on these sur-

(@)
faces, which have the property that they attach themselves
strongly to the surfaces. This is the property that lubricant
molecules must have in order to be good lubricdriS].
Then, let us assume that the attractive force between a lubri-
®) cant molecule and a surface atom is much greater than the
@ﬂ

attraction between two lubricant molecules and the tempera-
ture. These can be either single atoms or chains. If they are
chains, we require that they be very flexible and consider
how the individual monomers position themselves on the
interface. Simulations done for two flat surfaces in contact
[2] show that under GPa pressures such a lubricant will get
squeezed out until, at the highest pressures, we are left with
a bilayer. We will now illustrate this proposed mechanism for
lubrication for the model for atomic level roughness illus-
trated in Fig. 1a). In our case, where the surface is not
FIG. 1. Rough sketches are given illustrating the types ofSMoOth, we expect there to be a bilayer coating the steps
atomic-level disorder considered in this artiofe) The top sketch  (-€.. On the places on the outer layer at which there are
illustrates disorder due to an incomplete top atomic layer on arsUrface atoms The regions at which there are no top sub-
asperity.(There will, of course be step structure on the sides of theMonolayer atoms present will also get filled in with lubricant
asperity as well, but it is not shown here because | wish to illustraténolecules. The reason for this is that as the surfaces are
roughness due to an incomplete top layer of the aspeftiy.The sq_ueezed together, some of the Iubrlcar_lt molecules th_at are
middle sketch illustrates the stepped structure of the sides of tw@fiven from the steps will be pushed into these regions.
asperities before they are placed in contact, @hthe lower figure §0me OI them become trapped in the one atomic layer deep
illustrates what the two asperities i) are likely to look like after valleys” in the outer surfaces of the solids. We can see from
they are placed in contact. Note that this figure is only meant td 19- 1 that the second layer of lubricant molecules that we
illustrate the concept of having atomic-level roughness of the asPrOPOSe to be present inside the valleys can easily be trapped
perities resulting from the step structure, and the steps are mudh€re by lubricant molecules which are adsorbed on the tops
larger compared to the asperity size than would be the case for re&f islands of top surface atonsince they are assumed to be
asperities. strongly attached to themThese molecules partially support
the load, and hence, since the load is how supported over a
ity interfaces will not lead to static frictions, as proved by thelarger area of contact, the system might be switched to the
arguments given in Refl1].) weak pinning regime, resulting in a significant reduction of
Consider the type of atomic-level roughness illustrated irfriction.
Fig. 1(a). Now let us imagine placing two of these surfaces | have performed a Monte Carlo calculation to demon-
in contact and pressing them together with a load per unistrate that the lubricant molecules when compressed between
apparent area of the interfage If the load is sufficiently two surfaces will get squeezed into atomic-depth holes in the
high, we may safely assume that the force between a pair afurfaces. A lubricant, consisting of 245 spherically symmet-
surface atoms from the two surfaces which are in contact isic molecules interacting with a Lennard-Jones potential, is
dominated by the hard-core interaction. Then, a good estiplaced between the two surfaces, and the surfaces are then
mate of the magnitude of the mean force acting between moved together so as to compress the lubricant down to a
pair of surface atoms from the two surfaces that are in conbilayer. The lubricant molecules interact with each of the
tact is P/n, wheren is the number density per unit area of surfaces with a Steele potent[&0], which has the form
surface atoms which are in contact. This is an estimate of the .
component of force normal to the interface, but since such VI(r) =Vo(2) +V1(Z)§ e°,
atom pairs are rarely lined up so that one is exactly on top of
the other, there will be components of force of comparablevhere G is a reciprocal-lattice vector for the surface. This
magnitude along the interface as well, in random directionspotential, however, possesses a defect which must be dealt
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with. Namely, when a molecule is sufficiently strongly such regions is much too great to allow the attractive force
pressed into one of the surfacésecause of the high pres- between surface atoms and lubricant molecules to reach the
sure$ the amplitude of the corrugation terfj(z) can domi-  |ubricant molecules in most of this region. Thus, most of the
nate overVy(z). Since the second term can be negative andnolecules in this region are free to flow through the space
since bothV,(z) andVy(z) diverge asz approaches zero, the around the sides of the asperities. As a result, most of the
total potentialV(r) can become unstable. This defect of thelubricant found here remains liquid. Only molecules which
Steele potential is compensated for by makifife) level off  are trapped at the interface between a pair of asperities which
before it exceedsVy(z). The energy parametets in the are in contact will be under high enough pressure to exhibit
Lennard-Jones interaction €4o/r)®—(o/r)*?] between the the solidlike properties found in R€fL]. The mechanism for
lubricant molecules was chosen to be a tenth of the energgyoundary lubrication suggested here should be applicable at
parametereys in the Steele potentia]20]. The potential ~pressures that occur at the contact area between two asperi-
minima are taken to lie on a triangular lattice of lattice spac-ies, which can reduce the lubricant concentration down to a
ing a=2.88 A. The bottom surface contains a hexagonallymonolayer or less coating each surface. The model for
shaped hole of semimajor and semiminor axes 7.6 and 6.6 fAtomic-level roughness illustrated in Figs(blL and 1c)
respectively. The surfaces are circular with radii equal toshould also result in finite-atomic-size depth holes in the
GaVr@/Z wherea is taken to be 2.885 A. IV4(x,y,z) rep-  surfaces of two asperities in contact because of the irregular
resents the potential due to this surface for valuesafidy ~ shape of the steplike terraces resulting in kinks in the steps
outside the holéwhere thez axis is normal to the interfage  [15] making up the slopes of the sides of the asperities on the
V4(X,y,z+70) is taken to be the potential inside the hole. surfaces. Lubricant molecules will likely get trapped be-
Here z, is taken to be equai(2/3)Y2 the depth of a hole, tween pairs of kinks, in much the same way as they do in
resulting from removing atoms in the surface layer of aholes in the top layefas illustrated in Fig. (8)]. Even if the
hexagonal-close-packeticp lattice with its ¢ axis normal Iayt_ar of lubricant molecules v_v_h|ch_ fl||$ in the_ holes in the
to the surface or a face-centered-cubic lattice with(1tkl) region of contact of two asperities is shgh_tly hlg_her or lower
surface parallel to the surface. The calculation is started witfhan the walls of the hole, the mechanism will still work
the lubricant molecules placed in an hcp lattice five atomid®€cause the high loads that occur at the interface between
layers thick with lattice constarat between the two surfaces WO asperities are sufficient to equalize these heights by com-
and centered over the hole. The initial separation of the suPressing either the lubricant or surface atoms. For example,
faces is 15 A which is just enough for the initial crystal of for @ Lennard-Jones energy parameter of about 20 K, they
lubricant molecules to fit without being compressed. The surf@n be compressed by at least 12%. This is easily shown by
face is kept at that separation fox2.(° iterations. The sepa- Setting the repulsive part of the force due to the Lennard-
ration is then reduced by 0:510°7 A for every Monte Carlo Jones interaction equal to the_ force per_surfgce atom due to
iteration until the separation reaches 9.84 A. The interfacéhe load supported by the pair of asperities in contact. The
pressure at this separation is 3:2I0' dyn/cn?, which is amount of_ compression cpuld even be larger than this be-
larger than the pressure at the area of contact of two aspe§ause until the compression occurs, the load is supported
ties used in Ref[9]. We stop reducing the separation at this Over a smaller area. o .
point. For smaller separations the total potential energy of The idea of lubricant molecules filling in valleys in the
the lubricant becomes large and positive, indicating that th&oP layer of each surface and thus making the top surface
film is becoming highly compressed. Results of these calcutore smooth at first sight seems like the familiar idea of
lations forksT=20e (wherekg is Boltzmann’s constant arid reducing frlctn_)n by making the surfaces smoother, but here
is the absolute temperatirare shown in Fig. 2. The radius We have provided a mechanism for how such “smoothing”
of the shaded spheres used to represent a lubricant molecdfesults in low friction. The idea that by doing so the interface
was chosen to be approximately equal to the radius of gWwitches from the strong-pinning regime, in which there is
lubricant molecule used in the simulationbirandc but not ~ 1arge static friction, to the weak-pinning regime, in which
in a (for clarity). Lines were drawn to show the approximate there is little s_tatlc friction, prowdes_ a mec_hamsm for how
locations of the surfaces and the hole in the lower surface. A8Uch “smoothing” of the surface with lubricant molecules
can be seen, the film gets compressed into a bilayer outsidén lead to low friction.
of the hole and the hole gets filled with a high concentration
of lubricant molecules one monolayer thick, which could IV. LUBRICATION BY LARGE MOLECULES
support load over the region in which the hole occurs. The
interface between the two layers of lubricant will be an in-  In the last section, it was argued that a thin layer of mol-
terface which will shear quite easily compared to an interfaceecules of size comparable to the depth of the holes in the
between unlubricated surfaces, as the only interaction actingurfaces in contact of the two solids could reduce the static
across this interface is the interaction between pairs of lubrifriction by spreading the force pushing the surfaces together
cant molecules, which was assumed to be much weaker thawver a larger number of randomly placed points of contact
the interaction between the two bare surfaces. (by filling in the holes in the surfageThis can switch the

In contrast to the valleys in the outer surfaces assumed tmterface from the strong- to weak-pinning limit, resulting in
occur at the interface between two asperities, lubricant mola large reduction in the friction. Here, | will propose another
ecules are not expected to get trapped in the space at tmeechanism for reducing the friction. Let us coat the surface
sides of the micron-scale asperities, because the depth wiith a thin film of a more readily compressible material con-
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FIG. 2. In(a), there is a side view of the distribution of molecules between the two surfacés, the molecules in a slice of width equal
to 1 A centered arounz=—3.8 A are shown, which are clearly located inside the holéc)lnthe molecules in a slice of width equal to 1 A
centered around=-1.5 A are shown, which are clearly located in one of the layers outside of the hole. Bottatitty axes in(a), (b),
and(c) are in units of A.

sisting of molecules which are noticeably larger than atomicsurface gets pressed against a second solid, which we will
dimensions. For example, let us consider a complete monanodel here for simplicity by a flat substrate, the lubricant
layer of elastic globular molecules of radius noticeably largemolecules on the high parts of the outer surface will get
than an atomic spacindor example, octamethylcyclotetra- compressed. If they get compressed enough, parts of the
siloxane(OMCTS) [21]] coating the surfaces. The surface of outer surface which were not initially in contact will now
the solid has the type of atomic-level roughness discussecbme in contact. This will spread the force pressing the sol-
earlier and illustrated in Fig. 1—namely, holes in the surfacdds together over more points of contact, which could switch
of atomic-distance depths. The outer surface on the otheghe system from the strong-pinning to the weak-pinning re-
side of the coating will clearly reflect this roughness, al-gime, resulting in a large reduction of the static friction.
though some of it will get smoothed out because of the large Those lubricant molecules which are in contact are the
ratio of the lubricant molecule’s size and the length scale obnes located on high points on the surfaces. We will refer to
the surface roughness. This is illustrated schematically inops of these higher-lubricant molecules, which are in con-
Fig. 3. In fact, this will already significantly increase the areatact, as miniasperities. The interface potential between two
of contact compared to the bare surface, because the bam@niasperities varies on atomic-length scales, as does the in-
surface has a very small concentration of its surface atoms iterface between two micron-scale asperities. Since the mini-
contact(namely, those at those parts of the steps that were iasperities are much smaller, however, they are much stiffer,
contact before the surfaces were coataffhen the outer and hence, it is possible for appropriate parameters for them
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these two quantities dP¢?/c’. Hence, the force per minias-
perity atom is(P¢2/c’)(a?/A.), whereA. is the mean area of
contact of a miniasperity with the substrate. Then, since the
potential per atom varies over a distance of the ordea,of
the root mean potential per atom is of the order of the prod-
uct of the force per atom aral The integral of the potential
V(r) over a Larkin domain of length is the product of the
root-mean-square potential per atom and the square root of
the number of atoms in a Larkin domalr?/a?, which gives
(P€2/c’)(a?/ Ao)L. Multiplying by the number of Larkin do-

@ mains in a miniasperityA./L2, we get (P¢2/c')(a%/A)
X(A./L), which replaces the second term in E). The
guantity A in the first term gets replaced [y, since we are
applying the methods of Sec. Il to a miniasperity, whose area
of contact with the substrate is denoted Ayrather tharA.
Then the condition for weak pinning becomes

(Pe%c) (@A) < 2(TT")Y2 =~ Ka?, (4)

whereK is a quantity of the order ok or K’ in value. The
(b) far right-hand side of this expression follows from the ex-
Bressions fol” andI™” under Eq.2) and from the fact that
varies by an amount of orderwhen (x’,y’,z’) vary by an
amount of order unity, which implies that the derivatives of
the components af are of ordera. From Eq.(4) we get the
to be sufficiently stiff so that they cannot sink into their following condition for weak pinning at the miniasperity in-
interface potential minimum. The condition for this to occur terface:
will be considered later in this section. In order for the inter- YT 102
face to be in the weak-pinning regime it must be in this P < c'K(AJEY). (5
regime on several length scales. First of all, the elastic forceghis will by itself reduce the friction by spreading the load
that hold the atoms at the area of contact of two miniasperithat for the bare surfaces was supported by a few atoms that
ties in place must be sufficiently strong so that each atom 0gyck out from each surface by a surface consisting of several
one miniasperity does not drop into the minimum of theatoms belonging to a lubricant molecule.

the individual miniasperities must be sufficiently stiff so thatjy the weak-pinning limit. This will be true if under the
they do not drop into a minimum of the net interface poten-ahove mean force parallel to the surface, the miniasperity is
tial (i.e., the sum of the potentials provided by the atoms ofot able to sink into the minimum of its interface potential.
the second miniasperity with which it is in contacthird, if  The mean load on a pair of miniasperites in contact is of the
both of these conditions are met, the film as a whole must bgrger of P(A/c’N,,), whereN,, is the number of miniasperi-
in the weak-pinning regime, and fourth, the bulk solid mustjes along the interface between two asperities. Since the
be sufficiently stiff so as to be in the weak-pinning regime. interface potential varies over a distance of ordd®], the

In order to determine whether the atoms at the interfacg,ean  interface potential for a  miniasperityV,
between two miniasperities in contact are in the weak-p(a/c’N,)a. The condition for the miniasperity being in
pinning regime, we can apply the methods of the last sectiog,o weak-pinning regime is then
to a single miniasperity. We will for simplicity replace the
miniasperity with which it is in contact by a substrate, con- Vyla < €' €?K(Au/e'?), (6)
sistent with the approach that we used in Sec. Il. If the lu- . . L .
bricant molecule contains enough atoms so that the conYnereAu is the displacement of a miniasperity along the
tinuum approximation is a good first approximation to thelntérface and is of the order @f and ¢’ is the height of a
problem, this can be examined using the methods of the prén_mlaspenty, which is the a}mount that a molecule st_uck .to a
vious section. If the molecules are sufficiently large com-higher than average location on the bare surface is higher
pared to atomic dimensions, we can apply the argumentg‘,an a molecuzle §tuck tozthe IowesF p.()mt.on the surface.
used in Sec. Il for an asperity to a miniasperity. The argu>INC@A/Ny= (%, Vo/a=P{%/c’. Substituting in Eq(6), we
ment is as follows: For a load per unit apparent dpeghe  ©btain
total load pushing the surfaces togethelP#& whereA is the P <c'(alt')K 7)
total surface area. The number of miniasperities in contact is '
~c'Al €2, wherec' is the fraction of miniasperities which are as the condition for the miniasperity to not sink into its net
in contact andl is the radius of a lubricant molecule. Then interface potential minimum. By our definition of a minias-
the net load per contacting miniasperity is the quotient ofperity, ¢’ ~a. Also, A, is of the order of but less thaf?.

FIG. 3. The arrangement of larger lubricant molecules discusse
in Sec. IV is illustrated schematically for the type of roughness
shown in Figs. a) and 1c).
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Thus, if Eq.(5) is satisfied, so will Eq(7) be satisfied. When Ju au,
these conditions are satisfied, the miniasperity can be treated Pa(A/c'Ny) 2 > 2Ki<0_z,z > §>
as a rigid area of contact. It is then necessary to study =Xy e
whether the monolayer lubricant film as a whole is in theor P of the order ofc’Y4(a/¢)K. The resulting Larkin length
weak-pinning regime. is given by

Since the three-dimensional solid is now coated with a 5 5
monolayer lubricant film which is likely to be more flexible K> (%) k(S (%) L
than the material that the solid is made from, we must exam- 1= p=xy ax’B ! af=xy \ gx’ f
. L . L L= " a,
ine whether the coated solid is still able to exhibit a weak-

Jdu, du
pinning regime, characterized by a Larkin length which is as Pa(A/c’Ny) Y2 - ZKQEQB:XY —
large as the interface. This would certainly not be the case P\ %, 2
for a two-dimensional solid film which is not attached to a (10

stiffer three-dimensional soliflL4]. We will for the moment
assume the solid to be completely ridids it is being as-
sumed to be rigid in comparison to the fjinThen, the en-
ergy of the film is given by

We see from Eq(10) that if the first term in the denominator

is of the same order but larger than the second term, a rela-
tively small increase irt could make the Larkin length infi-
nite and thus put the interface in the weak-pinning limit.

) 5 Once the above inequality is not satisfi&ds minimized for
E:f ds{KlE <<%> > + K1<<2 %) > infinite L. This transition from finite to infinite Larkin length
film wp \\ Xg o~ X, for a thin film attached to a rigid solid could be tested by
simulations done on relatively thin films, in contrast to a
-V(r + u(r))é(z)l' (8) three-dimensional elastic solid interacting with a disordered
substrate, which canndas discussed in the Appendlix
The miniasperities can be modeled with a Greenwood-
whereK; andK are the elastic constants of the film. Inside Williamson-like model[17], in which there is a distribution
the film, we choose the position dependenceuofo be  Of heights of the miniasperities, consisting of the tops of
u,(x',y",z), where(x’,y’,z')=(x/L,y/L,z/L;), whereL is  lubricant .molecules attached to high points on the solid sur-
the thickness of the film. Heré represents the height of the face, which get compressed under load. In order for this
lubricant molecules, which are assumed to be strongly atMeéchanism to work, the height variations on the surface
tached to the solid. Substituting this assumed expression fépust be small enough so that by distorting by a relatively

u, in Eq. (8), we get small percentage compared with the height of the lubricant
molecules attached to high points on the surfaces, a signifi-

au.\2 au.\2 cant additional fraction of the surfaces is put in contact. To

E:A{Kl > (—7) (LiLD) + KD, (—7) Lt treat the miniasperities using a Greenwood-Williamson
a,B=xy B @ oz model, we must choose a probability distribution for the

ou ou 2 heights of the miniasperities which is more appropriate for

+KiL{ > (—f‘L‘1+ —,ZLf'l) - Pa(A/cNm)l’zlL]. this situation than the distributions used in Rf7]. In the

a=xy \ ORg oz present case the height distribution arises from lubricant

(9) molecules placed at high and low points on the surface lo-
cated on various points along the steps illustrated in Fig. 1.
In deriving Eq.(9), we let V) be the rms interaction of a Thus, the highest miniasperities are likely to have a height of
single miniasperity with the substrate. Then the interactiorP"dera. For the type of disorder illustrated in Figtel, there
energy of the substrate with a single Larkin domain is ap_vvnl be two possible heights for the miniasperities, one for
proximately equal t&/}(c'N/A)Y2L. The rms substrate po- those resulting from lubricant molecules attached to the tops
tential energy of a single atom on the molecfgis found of the steps and one attached to a point not on a step. Hence,
: we should choose a probability distribution functigiiz),

substratg(V,/a) [we divide bya because the distance scale wherez represents t?le heigh; Orf] a minLasperi(tysing tr}e
of V(r) is of the order ofa] equal to the force pushing the same notation as Refil7]) such that(z) becomes zero for

surface and substrate together per miniasperity in contact17:,(~:]re.ater trll.?ni' Tlhuz_;fhe h?'?ht dltsrt]rl?utlor:jfpr QT?SE’GH_
PA/(c'N,y). As in Sec. Il we are assuming hard-core interac- €S 1S quaitatively ditierent from that used in ¢17] to
describe the micron-scale height variations of a surface. Let

tion between individual atoms and the substrate, and there- S o .
fore the latter force is comparable to the component parallellIS for simplicity choose a distribution function

to the substrate of the force acting on a single miniasperity. ¢(z) = (N,/N,,) 8(2) + (No/N) 8(z— a) + (Ng/N)a f(2),
This givesV,= (PA/c'N,)a, which when substituted in the (11)
above expression for the interaction energy of a Larkin do-
main with the substrate gives the last term in E3). Differ- wheref(z)=1 and is nonzero only for€z<a, which satis-
entiating Eq.(9) with respect td_, we find a solution for the fies the above requirements for the form ¢fz). Here, N;
value ofL that minimizesE (by setting this derivative with andN, are the numbers of lubricant molecules attached be-
respect tdL equal to zerpif tween steps and on steps, respectively, for the kind of rough-

056107-8



THEORY OF LUBRICATION DUE TO COLLECTIVE PINNING PHYSICAL REVIEW E/1, 056107(2009

ness depicted in Fig.(4 and N; are the number of mol- (10) no longer being satisfied. At that point, there will no
ecules attached to a region with the roughness depicted ilonger exist a finite value of which minimizes the energy
Fig. 1(c), with the conditionN,,=N;+N,+N;. We should be (i.e., a finite Larkin length Instead, Eq{(8) is minimized
able to get qualitatively correct results by applying the con-whenL approaches infinity.

tinuum elasticity theory result for the force per unit arBa, Although in this discussion we have neglected the elastic
pushing the surfaces togethge., treating a lubricant mol- distortion of the bulk solid and only considered the distortion
ecule as an elastic sphere, as was done in[R&.to a first  of the lubricating film, a calculation which includes the dis-

approximation. Then, following Ref[17], tortion of the bulk solid gave the same result, provided the
. d film was more flexible than the bulk solid.
- _ a- It has been argued in this section that it is possible for the
= dz=(N4/Np) 830+ (No/Npy) + (Nz/N)| — ], . ; .
¢ L H2)d2z= (Ny/Nm) 5.0+ (No/N) + (N m)( a ) right choice of parameters for relatively large molecules to

(12) reduce friction by three possible mechanisms operating on

three length scales. First, if the molecules are sufficiently
where d is the distance of the substrate from a referencetiff, they can spread the load over more atoms in contact,
distance from the surface. The load per miniasperity, whiclfesulting in these atoms being put in a weak-pinning regime
using the standard Hertz expressid®] (which should be (i.e., a regime in which the force exerted on these atoms by
accurate enough if the molecule is sufficiently Igrigeof the ~ atoms from the second surface is not able to overcome the

order of P€'2/¢’, is given by elasticity and hence the interface forces on these atoms are in
. random directions Second, the miniasperities can be in a
12 32 weak-pinning regime, in which the interface forces on them
perie’= CNL ¢2(z-d™dz are in random directions. Third, the lubricant film as a whole
can be put in the weak-pinning regime, and fourth, the bulk
(a-d)*? solid could be put in the weak-pinning regime.
=C N1a3/25d’0 + Nz(a_ d)3/2 + (2/5)N3T , P P g reg
(13 V. CONCLUSION
whereC is a constant equal t(34/3)R§’2K’, whereR; is the It is proposed in this article that collective pinning theory

radius of curvature of a miniasperity aid is the compres- provides a possible mechanism for boundary lubrication.
sional elastic constant in Eq.(1). Then, if P Two possible ways for accomplishing this are discussed. One
> (4/3)c’K'[(Ny/Ny) +(2/5)(N3/ Ny 1(a/R.)%?, d becomes method is due to a thin layer of small molecules that attach
zero, signifying that the miniasperities all get completelythemselves strongly to two surfaces making up an interface
compressed, which means that all of the lubricant moleculebetween two micron-size asperities in contact, filling in
will be in contact. WhenP reaches this value’ switches atomic-distance depth holes expected to occur on such sur-
from (N,+N3) /N, to 1. This increase in the value ofcould  faces. This results in the force pushing the two surfaces to-
switch the interface from the strong- to weak-pinning regimegether being supported over a larger area of contact, which
if the condition for strong pinning given above H40) was ~ switches the interface from the strong-pinnifige., high-
initially satisfied. Since for a miniasperif§.~ ¢, we see that friction) to weak-pinning(i.e., low-friction) regimes. We
if the lubricant molecule’s radiué is sufficiently large com- then propose another mechanism using larger lubricant mol-
pared toa, this critical value ofP could be smaller than the ecules which interact strongly with the surfaces, forming a
critical values given in Eqs(5) and (7), for the individual  bilayer coating of the interfacé.e., each surface is coated
interface atoms and miniasperties to be in the weak-pinningvith a monolayer of lubricant The resulting coated surfaces
limit. In such a case, the film as a whole could be put in theeflect the atomic-level roughness of the bare surfaces, but it
weak-pinning limit by completely compressing all of the is argued that compression of the lubricant molecules will
miniasperities, while interface atoms and the miniasperitiesmooth out this roughness, allowing the force pressing the
are still in the weak-pinning regime. two surfaces together to be distributed over a larger area of
In principle, the same arguments could be applied to filmgontact, which may switch the interface from the strong-
of self-assembled chain molecules. In this case, the miniaginning (i.e., high-friction to the weak-pinningi.e., low-
perities are made up of several molecules which are attachdtiction) regime. This “smoothing” occurs on three length
to a part of the surface at which its height is constant oscales. If the mechanism proposed in Sec. Ill for small mol-
nearly constant. These molecules might develop gauche décule lubricants switches the interface to the weak-pinning
fects, rather than distorting elastically, under high pressurdjmit, the friction can be reduced by a factorA./a?) ™/,
which could modify the picture presented here somewhat. since the forces acting on the atoms at a single asperity in-
The discussion here differs from that in Sec. Il in thatterface will now act in random directions, leading to a reduc-
whereas in Sec. I, we assumed that the solid is sufficientlyion by this factor, which is the inverse of the square root of
rigid so thatc’ is a constant; here we assume tigatin-  the mean number of atoms in contact with atoms from the
creases as the film is compressed. This implies that even #fecond surface. If the second mechanism results put the in-
the lubricated surface would have been in the strong-pinningerface into the weak-pinning limit, the friction is reduced by
limit for the value ofc’ for zero load, as the film is com- a factor(cNy) Y2 It is not being claimed that the mechanism
pressedc’ increases, resulting in the inequality above Eq.for boundary lubrication proposed here explains how all lu-
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bricants reduce friction. All that is being proposed are a o eFRiRIg, &
couple of mechanisms for reduction of friction by model G(Rj-R)=N"X YT (A2)
3 k,a M (k)
lubricant molecules that are strongly attached to two surfaces ’ @
which are in contact. wherem s the atomic mass and, (k) is the frequency of the

While it might be difficult at this stage to test experimen- oth phonon of wave vectok, € IS @ unit vector in the
tally whether or not the mechanisms for reduction of friction polarization direction of therth phonon mode of wave vec-
explain boundary lubrication for lubricated surfaces in actuator k [24], andN denotes the number of atoms in the crystal.
engineering applications, it should be possible to test th&or large distances from the surface we can approximéte
phenomenon of collective pinning theory reducing friction by its small-wave-vector approximatiarik?, wherec is the
using the surface force apparaf@®,23. In order to accom- sound velocity. Let us consider
plish this, it would be necessary to produce surfaces in the . o

i i i f(Re) = 2 1Quuoe % Re,

surface force apparatus with the kind of atomic level rough- ~

ness discussed in this manuscript and coat them with lubri-

cant molecules having the properties discussed in this articlavherev,, a constant, an@,,, respectively, represent the am-
plitude and thes™ of the smallest reciprocal lattice vectors
of the periodic substrate potential. TkEs will be taken to
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plane of the substrate. Then converting the sum &uerkEq.
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uj > f dk—%—— = e Q7> di, (A3)
ki+Q
APPENDIX: COMPARISON OF THE DISPLACEMENT 4 z o
FIELD FOR PERIODIC AND DISORDERED wherer is the projection of along the surface. Thus we see
SURFACES that the displacement resulting from the substrate potential

Referenceq3,4] studied two thin(a few atomic layers only penetrates a distane i_nto_ the solid,_ which implies .
' that simulations done on periodic solids like those done in

thick) crystalline solids in contact using molecular dynamics. .
We have seen in this paper, however, that for disordererggsl'gfﬁlg are adequate to capture the correct physics of the

surfaces, the distortions of the solids, due to their interactio The reason that studies using thin solids are not expected

at the interface, can extend well into the bulk of the solids. I,y e adequate for a disordered substrate can easily be un-
fact, in Sec. Il, it was found that in the weak-pinning regime, gestood using a simple argument. At long distances from the
the distortion extends a distance of the order of the lineagpstrate. where? in the denominator of EqA2) can be
dimensions of the solid. We will show here that, in Contras'[vapproximated byc?k?, the elasticity Green’s function of Eq.

for periodic solids in contact, the distortions extend only a(A2) is approximately proportional tiR; ~R,|™. Therefore,
distance of the order of the periodicity of the surface. Weggch component of EgA1) can be thOLJJght of as an electro-
will simplify the problem here by considering, in place of gtatic potential due to a surface charge density represented by
two elastic solids, an elastic solid interacting with a rigid 5 component of the substrate fofcéor a random substrate
periodic potential, which is incommensurate with it. Our re-tne sum of each componentfdR,) overR, over a region of

sults are not expected to be qualitatively different from Whatany size on the surface will give a nonzero vaiue., there
we would get if we considered two elastic solids in contact.i|| pe a net force on that region due to fluctuatihrisl our

Then, the displacement of the atom at $t@n the solid due  gjecirostatic analogy, in which each component of the sub-
to a periodic potential acting on one of its surfaces is giveryyaie force represents a surface charge density, this implies
by that each region has a net “charge.” Thus the net “potential”
_ contribution from that regiorjobtained by performing the
U= 2(;‘ G(Rj =R -T(Ry), (AD) summation over in Eq. (A1) over that regiohis propor-

tional to the inverse distance from that region. Since the
where the sum oveR, runs over the surface at which the potential in our electrostatic analogy represents the distortion
substrate forcef(R,), representing the second solid at theu due to the substrate forces acting on that region, we see
interface, acts. The tens@(R;-R/) represents the elasticity that it is essential to consider thick solids when we have
Green’s function for the elastic solid. It is given by disordered interfaces.
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